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Abstract
The linear spin wave theory study of PbFeBO4 spin dynamics is presented. It
is shown that the modes observed in Raman scattering experiments below Ne´el
temperature in [1] are optical magnon and two-magnon excitations. Based on
the magnon energy, two-magnon band lineshape, and Weiss temperature [2], the
consistent set of the exchange coupling constants up the third neighbor is derived
and compared with the results of ab initio calculations [3–5]. The small deviation
of the observed two-magnon band from the one-magnon density of states suggests
a surprisingly negligible role of magnon-magnon interactions.
1 Introduction
The promising field of antiferromagnetic spintronics [6–9] constantly demands the discovery
of the new functional materials with specified properties and the development of reliable
theoretical models. Some potential material candidates manifest intrinsic coupling of different
subsystems such as magnetic, orbital, electronic, and lattice, allowing for additional degrees
of freedom to control spin excitations [10–12].
The PbMBO4 (M=Cr, Mn, Fe) family of compounds belongs to the sillimanite group [13],
where the presence of the stereochemically active Pb2+ cations leads to the reduction of the
connectivity between magnetic ions resulting in the unique topology of the exchange struc-
ture [14]. Moreover, the types of magnetic ions drastically affect magnetic properties, such as
magnetic structures, critical temperatures, and dispersion of the magnetic excitations without
change of crystal symmetry. Notably, PbMnBO4 is an extremely rare example of insulating
ferromagnets [15, 16], while other (PbFeBO4 and PbCrBO4) are known to be antiferromag-
nets [15]. There are a few predicted compounds with other 3d ions PbMBO4 (M Ti,V,Co) [4],
which yet to be synthesized.
In this family, the PbFeBO4 exhibits the highest transition temperature of TN = 114 K,
shows anisotropic and negative thermal expansion observed with X-ray and neutron diffrac-
tion [17], anomalies in the vicinity of TN in both dielectric susceptibility [2] and phonon
energies [1] indicating coupling between magnetic and lattice subsystems. Magnetostatic and
dielectric properties of PbFeBO4 and PbMnBO4 were studied in detail in [2, 16]. There are
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a number of ab initio calculations [3–5, 18] dedicated to the determination of the exchange
constants. Simultaneously, the reliable determination of the exchange constants is the crucial
step in understanding both the static and dynamical properties of the material and its further
potential for applications.
In this paper, we report on the linear spin-wave theory calculations allowing us to derive
closed-form magnon dispersion relation for PbFeBO4 (and equivalent compounds), calcula-
tion of the two-magnon (2M) band lineshape, and ground-state phase diagram for exchange
couplings up to the third neighbor. The consistent set of the exchange constants (J0, J1, J2)
is proposed based on the experimentally observed energy of the optical branch, shape of
2M band [1], and Curie-Weiss temperature [2]. It is shown that both interchain couplings
(J1, J2) are crucial to capture peculiarities of the spin dynamics. Their values, considering
coordination numbers, are comparable with intrachain one the (J0)classifying PbFeBO4 as 3D
Heisenberg antiferromagnet. The symmetry allowed Dzyaloshinskii-Moriya interaction (DMI)
on J0 path could explain magnetic susceptibility anomaly [2] in the absence of weak ferro-
magnetic moment and could be directly observed by the zero-field splitting of the acoustical
magnon branch. The estimated energy range of magnetic excitations for PbCrBO4 is briefly
discussed at the end.
2 Results and discussion
Below TN = 114 K PbFeBO4 undergoes paramagnetic to antiferromagnetic phase transition
with magnetic propagation vector k = 0 according to neutron diffraction measurements [15].
The resulting magnetic structure can be described as coupled antiferromagnetic chains of
[FeO6] octahedra. Based on exchange interactions up to the third neighbor, the k = 0 ground
state phase diagram is calculated through energy minimization [19] and shown in Fig. 1. Two
cases of antiferromagnetic and ferromagnetic intrachain interactions were considered, and it
is shown that all possible k = 0 magnetic structures could be realized in both cases, however
taking into account dominant role of J0 the most probable structures are AFM2 and AFM1
for J0 > 0 and FM and AFM3 for J0 < 0, respectively.
The following Hamiltonian based on isotropic exchange interactions and single-ion anisotropy
(SIA) terms is considered for spin-wave calculations:
H =
∑
〈i,j〉
J0SiSj +
∑
〈〈i,j〉〉
J1SiSj +
∑
〈〈〈i,j〉〉〉
J2SiSj +
∑
i
D(Szi )
2 , (1)
where S is the spin operator, J0..J2 stands for superexchange constants corresponding to
paths shown in Fig. 1. J > 0 corresponds to AFM exchange.
Utilizing Holstein-Primakoff transformations [20] and Fourier transformation of the ex-
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Figure 1: Ground state magnetic phase diagrams as a function of interchain exchange in-
teractions J1 and J2 normalized at intrachain one J0 obtained through energy minimization
(colored regions) and according to the real domain of Eq. (4) (thick dashed line). Left and
right panels correspond to antiferromagnetic and ferromagnetic intrachain interaction, respec-
tively. Insets depict structures with only magnetic ions shown. Marks shows sets of exchange
parameters for PbFeBO4 calculated in this work (square), Koo et al. [3] (circle), Xiong et
al. [4] (triangle), Curti et al. (set b) [5] (diamond), and for PbMnBO4 Koo et al. [3] (red
square).
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Figure 2: Spin-waves dispersion along the high-symmetry path in the Brillouin zone according
to Eq. (4). To obtain the energy of the highlighted points equations should be multiplied by
the 2S (e.g. S = 5/2 for PbFeBO4). Purple circle shows the energy of the experimentally
observed optical branch [1].
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change couplings the bosonic matrix form of the Hamiltonian is obtained:
a b∗ 0 0 0 0 c∗ e∗
b a 0 0 0 0 d c∗
0 0 a b∗ c d∗ 0 0
0 0 b a e c 0 0
0 0 c∗ e∗ a b∗ 0 0
0 0 d c∗ b a 0 0
c d∗ 0 0 0 0 a b∗
e c 0 0 0 0 b a

, (2)
where
a = 2S (−D + J0 − 2J1 + 4J2),
b = S J1
(
1 + e2piih
)(
1 + e2piil
)
,
c = S J0
(
1 + e2piik
)
,
d = 8S J2 cos(pih) cos(pik) cos(pil)e
pii(h−k+l),
e = S J2
(
1 + e2piih
)(
1 + e2piik
)(
1 + e2piil
)
.
(3)
Diagonalization [21] of the matrix leads to two positive doubly-degenerate spin-wave modes
corresponding to acoustical and optical branches:
ω = 2
[
S2(∓4 cos(pih) cos(pil)(D J1+J21(∓cos(pih)) cos(pil) +J0(J2−J1)+J0J2 cos(2pik)
+2J1(J1−2J2)) +(D− J0+2J1−4J2)2 −cos2(pik)(16J22 cos2(pih) cos2(piL) + J20))
]1/2
,
(4)
where h, k, l are given in reciprocal lattice units, and different branches are distinguished
by ∓ sign. Obtained dispersion curves and surfaces are shown in Fig. 2 and Fig. 3, respectively.
All the calculations and plots were done with a small value of the single ion easy-axis type
anisotropy of −0.01 meV (along the c axis) to reproduce the observed magnetic structure of
PbFeBO4 [15]. Despite the fact that it is impossible to derive the precise value of SIA based
on the existing experimental data, which will require the frequency of the acoustical magnon,
it is possible to estimate its boundaries. No acoustical modes were observed above 10 cm−1
≈ 1.24 meV according to [1], thus it can be used to estimate a higher boundary of SIA. The
lower one could be estimated by taking into account the absence of acoustic mode up to 140
GHz ≈ 4.17 cm−1 ≈ 0.58 meV in antiferromagnetic resonance (AFMR) experiments [2]. Thus
using the set of the exchange constants from Table 1 and with Eq. (4) will get anisotropy
bounds of −0.015 < D < −0.0033 meV. The validity of the obtained analytical results was
confirmed by numerical calculations with SpinW library [19,22].
2.1 Two-magnon scattering
The most prominent feature observed in the magnetic Raman scattering spectra [1] below
TN is the broad and complex-shaped band attributed to the two-magnon scattering process
due to its spectral and temperature-dependent characteristics. First, we will start with the
4
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Figure 3: Spin-wave dispersion for PbFeBO4 given by Eq. (4) with exchange coupling con-
stants from the first row of Table 1.
selection rules. The effective two-magnon Raman Hamiltonian can be written according to
the exchange scattering Fleury-Loudon mechanism [23]:
HR ∝
∑
i,d
(eI · d)(eS · d)SiSj , (5)
where eI and eS denote the polarization vectors of the incident and scattered light, and d
is the vector connecting i-th ion with its nearest-neighbor for the specific exchange coupling.
Thus, taking into account only dominant intrachain J0 interaction, this analysis predicts
nonzero two-magnon scattering intensity only in (bb) polarizations, the case where both in-
cident and scattered light polarized along the chains, which was, indeed, observed in the
experiment [1].
It is known that two-magnon excitations observed, e.g., by Raman scattering, reflect the
spin-wave density of states (DOS) [23], which can be directly calculated based on dispersion
relations Eq. (4). It is necessary to use the full form of Hamiltonian Eq. (1) including all the
exchange interactions to calculate the energy-depended shape of the two-magnon band, since
they drastically affect the shape of the band. Density of states is calculated according to:
DOS =
∮
E(x,y,z)=
dS
|∇E(x, y, z)| , (6)
where integral is taken numerically through constant energy surfaces within the first Bril-
louin zone. The results of the calculations for different sets of exchange couplings from Table 1
in comparison with the experiment are shown in Fig. 4.
This approach, along with a proposed set of the optimized exchange constants J0 =
1.67, J1 = −0.18, J2 = 0.094 meV allowed us to capture all essential experimental observa-
tions [1] such as (i) high energy cut-off of the band at 28 meV (ii) characteristic curvature
5
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Figure 4: Comparison of experimental Raman scattering spectra of two-magnon band (red
marks, data extracted from Fig. 5 in [1]) with the spin-wave density of states calculated
with exchange constants from [3–5]. Note that DOS energy scale is doubled to match 2M
excitation. Arrows indicate Van Hove singularities in DOS with corresponding critical points
in the Brillouin zone.
of the band in the 24–28 meV range (iii) nearly linear DOS of maximal energy in within
21–24 meV (iv) nonzero and non-linear low-energy tail for energies less than 18 meV.
The limiting factors of further refinement of the exchange constants using 2M band are the
presence of the intense phonon with the same Ag symmetry with the energy of ≈19.5 meV,
overshadowing part of the expected singularities, a rather noisy spectrum, and the absence of
quantitative information on the lower energy tail.
It should be noted that one-magnon DOS surprisingly well describes the experimentally
observed two-magnon band. Usually, it is apparently different due to the magnon-magnon
interactions [24] that strongly dampen and shift such excitations, which was demonstrated
in paradigmatic examples of NiO [25] and RbMnF3 [26]. The negligible role of the magnon-
magnon interactions could mean an increased lifetime of spin excitations [27], which is a highly
desirable goal for practical applications in antiferromagnetic spintronics [6]. An interesting
aspect is the presence of the pronounced Van Hove singularities in the 2M band, which can
provide access to magnons in the specific points in the Brillouin zone and could be poten-
tially applied to modulate exchange interactions and to control magnetic order in ultrafast
timescales [28, 29]. Another striking feature is the accidental degeneracy of the high-energy
(12.4 meV) optical magnon branch with Ag phonon in the low-temperature limit, which could
be used for spin dynamics manipulation through optical phonon pumping [30].
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2.2 Comparison with ab initio calculations
Realization of both ferromagnetic and antiferromagnetic structures for different magnetic ions
without change of the crystal symmetry in PbMBO4 (M=Cr, Mn, Fe) family spark the interest,
and a few computational works [3–5] were done to shed light on this phenomenon. Lattice
dynamics was addressed in [5,17] and, in general, shows a good match with experimental data
both on powdered samples [17] and single crystals [1].
Exchange constants up to the third neighbur were directly calculated in [3, 5] and, using
energy mapping analysis (Eq. 3 in [3]), it is possible to extract constants from the energies
of the magnetic structures from [4], which all summarized in Table 1 and graphically shown
in Fig. 1. All calculations agree on the dominant role of the intrachain exchange (J0). The J1
is either antiferromagnetic or zero in the case of Gibbs free energy calculations [5] and smaller
than J2, which is also antiferromagnetic. It was shown that exchange constants are strongly
dependent on Hubbard parameter U in DFT+U scheme [3]. The comparison of the sets, with
the experimental 2M band presented in Fig. 4, clearly showing interchain coupling sensitivity,
and substantial deviation for all the ab initio sets.
Besides the direct determination of the exchange constants based on one- and two-magnon
excitations, it is possible to use static magnetic data as an additional consistency check. For
example, Curie-Weiss temperature (sometimes referred to as Weiss or paramagnetic Curie
temperature), which is the arithmetic average of all the exchange constants in the system [31],
could be used. Taking into account the number and symmetry of the exchange couplings, it
can be calculated as:
Θ = −2
3
S(S + 1)[2J0 + 4J1 + 8J2]/kB . (7)
This parameter could be experimentally determined from the temperature dependence of
the magnetic susceptibility for T > TN . This was done experimentally [2], and the reported
values are negative, suggesting predominantly antiferromagnetic interactions in the system,
and slightly anisotropic Θa = −256, Θb = −272, Θc = −262 K. Most of the sets, proposed in
ab initio works [3–5] overestimate Θ by 54–81 %. In contrast the optimal set of the exchange
constants results in much closer value Θ = −228 K. The deviation of Θ from the proposed
set could be explained by additional unaccounted superexchange couplings beyond J2 or by
the contribution of non-isotropic exchange interactions (see Section 2.3).
The calculated exchange parameters in comparison with previously suggested ones are
summarized in Table 1. We hope that the proposed set of exchange constants, compatible
with all up to date experimental observations, will be used for a systematic search of U
parameter in such a challenging system as PbFeBO4.
2.3 Beyond isotropic exchange
The unexplained anomaly was reported in [2], where unusual for typical easy-axis antifer-
romagnet peak-like maximum in the magnetic susceptibility for H ‖ b geometry was mea-
sured. Thus the potential presence of the anisotropic exchange couplings terms, such as
Dzyaloshinskii-Moriya interaction, should be discussed. In most cases, such interaction leads
to a spin canting resulting in similar anomalies in susceptibility and a presence of the weak
macroscopic magnetic moment in antiferromagnets [32,33], like in some well-known cases such
as FeBO3 [34], LiCoPO4 [35], perovskite manganites [36], etc. However, no magnetic moment
was registered in PbFeBO4 for all the available field ranges and geometries [2].
7
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J0 J1 J2 OMcalc OMexp Θcalc Θexp
This work 1.67 −0.18 0.094 12.28 – −228 –
Koo et al. [3] 1.81 0.03447 0.3361 14.95 – −436 –
Xiang et al. [4] 2.321 0.1815 0.20775 9.64 – −476 –
Curti et al. [5]2 1.896 0.03447 0.259 13.35 – −406 –
Curti et al. [5]3 2.1285 0.0 0.2499 14.64 – −423 –
Pankrats et al. [2] – – – – – – −2631
Park et al. [15] 2.24 – – 11.2 – −303 –
Prosnikov et al. [1] 2.23 – – 11.15 12.4 – –
1Averaged value, anisotropic ones are Θa = −256 K, Θb = −272 K, Θc = −262 K [2]
2,3For only electronic energy and additional terms, respectively. For the details see Table 1 in [5].
Table 1: Comparison of the exchange constants (meV, J > 0 corresponds to AFM) and derived
parameters, such as energies of the optical magnon branch (OM, meV, calculated according
to Eq. (4)), and Weiss temperatures Θcalc (K, calculated according to Eq. (7)).
It is known that DMI is governed by lattice symmetry [32]. Due to the presence of a
mirror plane (.m.) perpendicular to the J0 exchange path and passing through its center,
only [DMx, 0,DMz] components of the DMI vector are allowed. The DMx will lead to a slight
canting of the spins within bc-planes inducing small ferromagnetic moment along individual
chains. However, due to the symmetry of the lattice, this canting is compensated by the same
moment with the opposite direction from neighboring chains. This canting is fully compatible
with previously suggested magnetic space group Pnma [1] and can be described with Ψx basis
function. On the other hand, the contribution of the DMz is negligible due to the orientation
of the magnetic moments along the same axis.
Thus, the contribution of the antisymmetric exchange interaction with the DMx compo-
nent can simultaneously explain the kink-like anomaly in magnetic susceptibility for H ‖b at
TN and the absence of weak ferromagnetic moment at lower temperatures. This interaction
will also directly affect spin dynamics in the form of magnon degeneracy lifting even without
external magnetic field presence. Numerical estimation of the acoustic mode splitting by the
DMI with the semi-arbitrary value of 0.167 meV (1/10 of J0) leads to 2.46 cm
−1 ≈ 0.3 meV
splitting of the acoustic mode which should be experimentally detectable with reasonably
high-resolution Raman or IR spectroscopy setups.
2.4 Magnetic structure dimensionality
The assumption of the (quasi) one-dimensional (1D) magnetism in PbFeBO4 comes naturally
considering its crystal structure, consistent from the well-separated chains of [FeO6] octahedra
running along the b-axis [15]. The broad features above TN in dc magnetic susceptibility
on powdered samples [15] was also considered as a manifestation of short-range ordering
characteristic for low-dimensional magnetic systems. However, the detailed susceptibility
investigation on the high-quality single crystals [2] showed that broad features were caused by
α-Fe2O3 contamination, and χ behaves closer to three-dimensional Heisenberg antiferromagnet
(except kink anomaly which was discussed in Section 2.3).
As the magnetic dimensionality measure, ratios of the intra- to interchain exchange cou-
plings, taking into account coordination number (zn), could be used [37]. The set of the
optimal constants gives following values: 1 : 0.22 : 0.22 of |J|0 ∗ z0 : |J1| ∗ z1 : |J2| ∗ z2
8
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which is closer to a 3D case, in comparison with other well-known one-dimensional systems as
TTF-CuBDT [38], CuGeO3 [39], and KCuF3 [40] with ratios Jintra/Jinter << 1. Moreover,
in most 1D systems, only single interchain coupling (nnn) is considered important, while for
PbFeBO4, both nnn and nnnn couplings are equally strong.
Thus, based on the above, PbFeBO4 should be considered a three-dimensional antiferro-
magnet in the low-temperature limit T << TN . However, according to the magnetic sus-
ceptibility anomaly observed in [2] and intense magnetic quasi-elastic scattering observed
in polarization along the chains [1], there is a possibility of quasi-one-dimensional behavior
manifestation in the vicinity of the phase transition.
2.5 Spin dynamics of PbCrBO4
In comparison with PbFeBO4, the magnetic structure of PbCrBO4 differs only in the direction
of the easy axis [15]; thus, all previously derived equations and conclusions could be directly
applied for an estimation of the energy of one- and two-magnon excitations. Considering
more than one order of magnitude lower TN = 8 K, and Θ = 45 K, the exchange constants
are expected to be proportionally smaller. However, up to now, there are no published data
on the spin dynamics of PbCrBO4.
According to [3] the exchange parameters of the optimized structure (calculated with
Hubbard parameter U = 2.0 eV) are J0 ≈ 0.52 meV, J1 ≈ −0.0345 meV, and J2 ≈ 0.069 meV,
which with reduced, in comparison with PbFeBO4, the spin value of Cr
3+ ions S = 3/2 gives
expected energy of two-magnon excitation band maximum of ≈ 5 meV and the energy of
optical magnon mode at ≈ 2.7 meV which are both accessible in typical low-energy Raman
scattering experiments.
3 Conclusion
With the use of linear spin-wave theory, the closed-form of the magnon dispersion relation of
PbFeBO4 was derived, including exchange couplings up to the third neighbor and single-ion
anisotropy of the easy axis type. It is demonstrated that magnetic excitations observed in
Raman scattering [1] are optical (exchange) magnon and two-magnon band and based on their
energy and magnetic susceptibility data [2], the consistent set of exchange coupling constants is
proposed: J0 = 1.67, J1 = −0.18, J2 = 0.094 meV. It is shown that ab initio calculations [3–5]
overestimate both J0 and J2 while predicts the opposite sign for J1. Nonzero components
of the Dzyaloshinskii-Moriya interaction are allowed for the J0 exchange path, which could
be responsible for the magnetic susceptibility anomaly [2]. Surprisingly, the shape of the
two-magnon band is well described by the one-magnon density of states, which indicates a
vanishingly small role of the magnon-magnon interactions. We hope that obtained results
will stimulate both experimental research, such as IR and low-energy Raman spectroscopy to
find acoustic modes and inelastic neutron scattering to directly probe magnon dispersion, and
theoretical ones on spin dynamics and a systematic study of the exchange coupling constants
dependence of Hubbard parameter (U) for ab initio calculations.
9
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